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Abstract. Sub-horizon perturbations in scalar-tensor theories have been shown to grow
generically faster than in uncoupled models due to a positive, additive Yukawa force. In such
cases, the amount of clustering becomes larger than in the standard cosmological model,
exacerbating the observed tension in the σ8 parameter. Here we show instead that in some
simple cases of conformally coupled dark energy one can obtain a transient regime of negative
Yukawa force, without introducing ghosts or other instabilities.
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1 Introduction
The search for alternative theories of gravity describing new observable phenomena in cos-
mology has been in the focus of a large amount of work in the last decade. This field of
research is partially driven by theoretical puzzles related to the cosmological constant, such
as the problem of coincidence [1, 2] and fine-tuning [3, 4] and partially by the availability of
new large data sets that allow to push our tests of General Relativity from the Solar System
to the “realm of the nebulae”. More recently, puzzling observations like the H0 discrepancy
[5, 6] and the σ8 tension [7, 8] have also motivated the exploration of alternatives to standard
gravity.
One particularly popular set of alternatives to Einstein gravity is represented by scalar-
tensor theories of gravity, in which the general-relativistic, tensorial nature of gravity is
extended to incorporate also a scalar field φ. The most studied forms of such theories are
embodied in the Horndeski theory and its extensions [9–12]. Horndeski models comprise
the most general equations of motion that contain at most second-order derivatives of the
fields and their extensions such as DHOST (degenerate higher-order scalar-tensor theories)
have equations of motions with higher-than-second-order derivatives but nonetheless are free
from Ostrogradski instabilities [13–16]. Among the new observable phenomena introduced
by these theories we can mention the time-dependence of the speed of gravitational waves,
the non-vanishing anisotropic stress, the growth of fluctuations in the radiation era [17], the
emergence of early dark energy, a screening mechanism in high-density regions [18], the scale-
dependent growth rate of small dark matter fluctuations. All these features are in principle
testable and constitute one of the main aims of future surveys such as Euclid.1
1See e.g. https://sci.esa.int/web/euclid.
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In this paper we investigate in some detail the growth of matter fluctuations in a simple
scalar-tensor theory characterised by a conformal coupling. Even in the simplest case of
growth in the dark matter-dominated epoch, the problem can only be treated numerically.
To this purpose, publicly available codes such as Hi-Class and EFTCamb [19, 20] are a
precious tool in order to obtain theoretical predictions. On the other hand, the most relevant
regime for large-scale galaxy observations is the late-times Universe at sub-horizon scales. In
this case, a good approximation for the evolution equations at small scales, at least for that
class of models for which the scalar-field sound speed is not too small, is the so-called quasi-
static approximation [21]. In this approximation one assumes that k/aH →∞ and keeps in
the evolution equations only the dominant terms in this quantity. It turns out that small dark
matter fluctuations then satisfy an evolution equation similar to the standard one obtained
in General Relativity, but with an effective gravitational coupling Geff = GN[1+Y (k)], where
GN is the usual Newton gravitational constant in absence of the scalar coupling, and where
the Yukawa correction Y has the following form:
Y = 2M2PQ2
k2
k2 +M2 , (1.1)
(MP being the Planck mass) i.e. a ratio of quadratic polynomials in k, where Q is the scalar
coupling strength and M the field mass times the scale factor squared. The coefficients Q
and M are functions of the background quantities and their explicit forms in the case of
Horndeski theories can be found e.g. in Refs. [21, 22]. In real space, such an effective
Newton’s constant gives rise to the Newton-Yukawa potential
V (r) = −GNm
r
(1 + 2Q2e−Mr) . (1.2)
Since matter fluctuations obey a Poisson equation with a Geff = G(k), they will in general
acquire a scale dependence, in contrast to the standard case of General Relativity. Evi-
dences of this scale-dependence can be in principle observed in the galaxy distribution as e.g.
the scale-dependent combination fσ8(z) (see e.g. Ref. [23]), thereby providing important
information on the scalar sector of gravity.
The detailed form of Y (k) depends, of course, on the particular model. However, it is
generically found for k → ∞ that Y > 0 [24], unless the field equation of state wφ is in the
phantom regime, wφ < −1. This can be achieved, for instance, with a non-standard kinetic
energy, which however introduces instabilities in the model [25].
In this paper we analyse one of the simplest forms of scalar-tensor theories, namely a
dark matter sector minimally coupled to a conformally transformed metric, with a conformal
factor C(φ). We also take a standard kinetic term for the field and a simple quadratic field
potential, so we do not introduce any instability. We find that, under certain conditions,
the second derivative of C with respect to φ acts a second mass scale, beside the scalar field
mass. If this second mass scale is not negligible with respect to k2, it modifies the effective
gravitational coupling. Interestingly, we find that the Yukawa correction might become
negative, thereby inducing a weak effective gravitational force. This regime is in general a
transient one, and the duration and strength will depend on the particular model. At the
same time, we find another new feature in the quasi-static regime, namely a k-dependence
of the friction term. We also show that the following square-exponential model,
C(φ) = em
−2
C φ
2
, (1.3)
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where mC is an arbitrary mass scale, is particularly suitable for inducing the novel behaviour
of the effective gravitational coupling. For illustrative purposes, we therefore specialise some
of our expressions to this case.
The interest of our finding is that a weaker gravity leads, in general, to a weaker fluctu-
ation growth. This might explain why some observations find a lower clustering strength σ8
as compared to ΛCDM [26–29]. However, in this paper we do not explore in any detail the
cosmological data and only confine ourselves to demonstrating the existence of a transient
weak gravity regime.
2 The model
The model under investigation is described by the following action, see e.g. Ref. [30]:
S =
ˆ
d4x
√−g
[
M2P
2 R+ L(g, φ) + LSM(g, ψSM)
]
+
ˆ
d4x
√−g˜L˜m(g˜, ψm) . (2.1)
The gravitational sector is the usual one, described by the Einstein-Hilbert action, to which
a canonical scalar field φ and Standard-Model (SM) matter fields, generically referred to as
ψSM, minimally couple. The Dark Matter (DM) field (or fields), indicated as ψm, couples
instead to an effective geometry, characterised by a metric g˜, which is related to g by the
following disformal transformation:
g˜µν = C(φ)gµν +D(φ)φ,µφ,ν , (2.2)
where C and D are generic functions of the scalar field φ. The latter is governed by the
following Lagrangian:
L = −12g
µνφ,µφ,ν − V (φ) , (2.3)
where V (φ) is some potential (from now on, we normally drop the explicit dependence of C,
D and V on φ). As it appears from Eq. (2.1), we work in the Einstein frame and assume
baryons to be decoupled from the scalar field. This choice has the advantage that we do not
need to invoke any particular screening mechanism to pass the local gravity constraints and
we do not have to worry about the gravitational waves speed constraints [31]. Moreover,
since baryons are a relatively minor component, we assume for simplicity that their density
is actually negligible with respect to coupled matter and scalar field.
The general, covariant Einstein field equations for such a model are given by [32]
Rµν − 12gµνR = M
−2
P
(
T φµν + T SMµν + Tmµν
)
, (2.4)
where the energy-momentum tensors of the different sectors are defined as
T φµν ≡ φ,µφ,ν − gµν
(1
2g
ρσφ,ρφ,σ + V
)
, (2.5)
T SMµν ≡ −
2√−g
δ(√−gLSM)
δgµν
, (2.6)
Tmµν ≡ −
2√−g
δ(
√−g˜L˜m)
δgµν
. (2.7)
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The SM particles are minimally coupled and are therefore described by the standard conser-
vation equation
∇µT SMµν = 0 . (2.8)
On the other hand, due to the coupling between φ and dark matter, their conservation
equation only holds for the total energy-momentum tensor [33]
∇µ
(
T φµν + Tmµν
)
= 0 , (2.9)
while the individual components are related by
−∇µT φµν = ∇µTmµν ≡ Γφ,ν , (2.10)
where the coupling function is given by
Γ = C,φ2C T
m + D,φ2C T
m
µν∇µφ∇νφ−∇µ
(
D
C
Tmµν∇νφ
)
. (2.11)
Here Tm is the trace of Tmµν and a subscript ”, φ” stands for derivative with respect to φ.
Finally, the equations of motion for the scalar field are given by the modified Klein-Gordon
equation
φ = V,φ − Γ . (2.12)
We now briefly present the main equations describing the cosmological evolution in such a
theory.
2.1 Background cosmology equations
Our framework is the usual Friedmann-Lemaître-Robertson-Walker (FLRW) metric with
spatially flat hypersurfaces:
gµνdx
µdxν = a2(−dτ2 + δijdxidxj) . (2.13)
As we showed above, the disformal transformation (2.2) induces a coupling Γ between DM
and the scalar field. Considering pressureless DM, so that Tm = ρm and writing Γ = Qρm,
with
Q ≡ −a
2C,φ − 2D(3H2φ′ + a2V,φ + C,φH2φ′2/C) +D,φH2φ′2
2[a2C +D(a2ρm −H2φ′2)] = −
B
2A , (2.14)
where we have defined, for future convenience:
A ≡ a2C +D(a2ρm −H2φ′2) , (2.15)
B ≡ a2C,φ − 2D(3H2φ′ + a2V,φ + C,φH2φ′2/C) +D,φH2φ′2 , (2.16)
the continuity equation for DM is:
ρ′m + 3ρm = −Qρmφ′ , (2.17)
whereas the equation of motion for φ is the following:
φ′′ + (2 + ξ)φ′ + a
2V,φ
H2 =
Qρma2
H2 = 3QM
2
PΩm , (2.18)
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where we have introduced the density parameters:
Ωm ≡ ρm
ρtot
= ρma
2
3H2M2P
, Ωφ ≡ ρφ
ρtot
= ρφa
2
3H2M2P
= φ
′2
6M2P
+ a
2V (φ)
3H2M2P
. (2.19)
In the above equations the prime denotes derivation with respect to the e-folds number
N ≡ ln a and we have defined ξ ≡ H′/H, where H ≡ (da/dτ)/a is the conformal Hubble
factor.
As usual, the scalar-field density, pressure and equation of state are the following:
ρφ =
φ′2H2
2a2 + V (φ) , pφ =
φ′2H2
2a2 − V (φ) , wφ ≡
pφ
ρφ
, (2.20)
and thus the Friedmann equation can be written as:
3M2PH2 = (ρm + ρφ)a2 , Ωm + Ωφ = 1 , (2.21)
where we neglect baryons and radiation.
2.2 Cosmological perturbations equations
We focus on scalar perturbations only and write the perturbed FLRW metric in the Newto-
nian gauge as follows:
gµνdx
µdxν = a2[−(1 + 2Ψ)dτ2 + (1− 2Φ)δijdxidxj ] . (2.22)
The spatial traceless part of the Einstein equations tells us that, when no anisotropic stresses
are present, the two gravitational potentials are equal:
Φ = Ψ , (2.23)
so there is no gravitational slip. The spatial trace of the Einstein field equations is:
Φ′′ + (3 + ξ) Φ′ + (1 + 2ξ) Φ = 12M2P
(
φ′δφ′ − Φφ′2 − a
2V,φδφ
H2
)
, (2.24)
whereas the relativistic Poisson equation is:
k2
H2 Φ + 3(Φ
′ + Φ) = −32Ωmδm −
1
2M2P
(
φ′δφ′ − Φφ′2 + a
2V,φδφ
H2
)
. (2.25)
The continuity and Euler equations for DM are [30]:
δ′m = −
θm
H + 3Φ
′ +Qφ′δm − φ′δQ−Qδφ′ , (2.26)
θ′m = −θm +
k2Φ
H +Qφ
′θm − QHk
2δφ . (2.27)
The perturbed Klein-Gordon equation has the following form:
δφ′′ + (2 + ξ) δφ′ + k
2 + a2V,φφ
H2 δφ = 4φ
′Φ′ − 2a
2(V,φ − ρmQ)Φ
H2 +
a2ρmδQ
H2 , (2.28)
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where the perturbed coupling is:
δQ = − 1
A
(B1δm + B2Φ′ + B3Φ + B4δφ′ + B5δφ) , (2.29)
with coefficients [30]:
B1 ≡ B2 + a
2DQρm , (2.30)
B2 ≡ 3H2Dφ′ , (2.31)
B3 ≡ 6H2Dφ′ + 2H2Dφ′2
(
C,φ
C
− D,φ2D +Q
)
, (2.32)
B4 ≡ −3H2D − 2H2Dφ′
(
C,φ
C
− D,φ2D +Q
)
, (2.33)
B5 ≡ a
2C,φφ
2 −D(k
2 + a2V,φφ)− a2D,φV,φ − 3H2D,φφ′
−H2Dφ′2
[
C,φφ
C
−
(
C,φ
C
)2
+ C,φD,φ
CD
− D,φφ2D
]
+ (a2C,φ + a2D,φρm −H2D,φφ′2)Q . (2.34)
In order to find a simple equation ruling the evolution of δm we present in the next section a
set of approximations devised for this scope. The most important one is k  H, which char-
acterises the so-called quasi-static approximation, but also other more specific assumptions
shall be needed.
3 Approximations
We find that the following three assumptions are sufficient in order to allow us to find a
closed, second-order differential equation for δm:
• Approximation 1: k/H  1. That is, we consider only sub-horizon scales. Since the
sound speed in our case is cs = 1, we also are in the sub-sound-horizon limit.
• Approximation 2: we consider Φ′′ ∼ Φ′ ∼ Φ and of the same order of Ψ ∼ Ψ′, since
Ψ = Φ. Moreover we also consider δφ′′ ∼ δφ′ ∼ δφ. These requirements amount to
asking that none of the aforementioned perturbed variables grows too fast, i.e. that
there are no instabilities.
• Approximation 3: We further ask that φ′′ ∼ φ′ and |Q|MP = O(1). Recall that a
quantity is equal to O(1) if it can be at most of order unity. This means that it can
also be vanishing.
Because of the Friedmann equation constraint (2.21), Ωφ ≤ 1, then also:
φ′2
M2P
≤ 1 , a
2V
H2M2P
≤ 1 . (3.1)
Note that one of these two quantities (which are positive definite) can be zero, e.g. as in a
slow-roll phase for the scalar field, for which φ′/MP ≈ 0, and their being ≤ 1 means that
both are much smaller than k/H.
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Furthermore, since:
ξ = −12 −
3
2wφΩφ , (3.2)
and |wφ| = O(1), then also |ξ| = O(1).
Because of Approximation 2 and 3, from Eq. (2.18) we also have:
a2V,φ
MPH2 = O(1) , (3.3)
and from Eqs. (2.24) and (2.25) we can also conclude that:
Φ ∼ δφ/MP , k
2
H2 Φ = −
3
2Ωmδm . (3.4)
Finally, we can simplify Eq. (2.28) as follows:
(
k2 +M2
)
δφ = a2ρmQδm − a
2ρm
A
(
a2DQρmδm + B3Φ + B4δφ′ + B5δφ
)
, (3.5)
where we have used the shorthand notation M2 ≡ a2V,φφ.
In the special case for which D = 0, i.e. when we have a pure conformal coupling, the
three approximations made are enough in order to obtain an interesting result, as we show
in the next section. The case including the disformal part of the transformation is treated in
Appendix A. We do not claim that the above three approximations are all necessary, since
the third one could be redundant with the second one. However, we do not go deeper into
this mathematical point and simply consider the three approximations as independent.
4 The pure conformal coupling case
Let us from now on set D = 0. From Eq. (2.14) we have then:
Q = −C,φ2C , (4.1)
the terms B3,4 vanish and we can cast Eq. (3.5) as follows:(
k2 +M2 − a2ρmQ,φ
)
δφ = a2Qρmδm . (4.2)
Therefore, the following new mass scale appears
M2 ≡ −a2ρmQ,φ = −3H2M2PΩmQ,φ = 3H2M2PΩm
(
C,φφ
2C +
C2,φ
2C2
)
, (4.3)
depending on the second derivative of C with respect to φ. In the limit k2  H2, this new
mass scale is only non-negligible with respect to k2 if |Q,φ|M2P can be arbitrarily large. At
the same time we must take into account that we have assumed QMP = O(1). Is it possible
to find a function Q(φ) which is limited but whose first derivative is large? The answer
is positive: we need to choose a conformal coupling C such that its second derivative is
much larger than its first one. This condition is not so restrictive: indeed, it is satisfied in
correspondence of extrema of C.
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Some comments are in order concerningM2. First of all, it is not positive definite since
Q,φ can be positive. This means that for some choices of the conformal coupling the new
mass scale can even cancel M2. We do not consider this instance in this paper, focusing
instead on the quadratic exponential model (4.6), but it could give rise to an interesting
phenomenology.
Second, note that if we demand M2 = 0 then we obtain from Eq. (4.3) that the
conformal coupling must be an exponential function of φ and, since Q = −C,φ/(2C), then Q
has to be a constant. This is an instance that has been extensively considered in the literature,
see e.g. [30, 34–37]. With such a choice, no new mass scale arises. The above argument works
also the other way around, i.e. if Q is constant, then C has to be an exponential function of
φ and thusM2 = 0. Of course, even if the new mass scale does exist, it might be negligible
in the quasi-static approximation, so we need in general another condition on C(φ) in order
for this not to happen. This condition, as we have shown above, is that φ has to be close to
some extrema of the function C(φ).
A third point is the following: does the evolution of φ naturally tend to a minimum
of C(φ)? If not, the new mass scale M2 is negligible. To see if this is the case, consider
Eq. (2.18) and incorporate the term on the right hand side in an effective potential:
φ′′ + (2 + ξ)φ′ + a
2
H2Veff,φ = 0 , (4.4)
where
Veff ≡ V − ρm
ˆ
dφQ(φ) = V + ρm log
√
C . (4.5)
The evolution of φ tends then towards a minimum of Veff , which contains C. Evidently, if
this minimum of Veff , towards which the scalar field rolls down, coincides with a minimum
of C(φ), then the condition by whichM2 gets very large might be met.
A fourth and final point is that, as we have shown above, in order to have a largeM2 we
need to be close to the minimum of C. So, there is a phase during the cosmological evolution
during which this happens and, depending on the effective potential under investigation, this
phase could be so short that the emergence of the new mass scale M2 could be not easily
observable. Here we assume that all the conditions making M2 not negligible are met and
find in the next subsection the evolution equation for δm and the role thatM2 plays in it.
As a concrete example, consider the following coupling:
C(φ) = em
−2
C φ
2
. (4.6)
It has a minimum for φ = 0 and:
Q = − φ
m2C
, Q,φ = − 1
m2C
, M2 = 3ΩmH
2M2P
m2C
. (4.7)
For this model we have Q,φ < 0 and thus a positive new mass scale M2. The conditions
|Q|MP = O(1) and |Q,φ|M2P  1 can be met if:
|φ|MP
m2C
= O(1) , M
2
P
m2C
 13Ωm , (4.8)
which are not in contradiction if φ is close to the minimum φ = 0 (more precisely if |φ| MP)
and entail:
M2  H2 , (4.9)
– 8 –
since Ωm ≤ 1. Therefore, if the above conditions are met, the new mass scale M2 is not
negligible in the quasi-static approximation.
For the particular case of the quadratic exponential coupling of Eq. (4.6), if the scalar
field potential is simply taken to be a2V = M2φ2/2, then the effective potential amounts to
a2Veff = 12(M2 +M2)φ2 and indeed we expect an evolution such that φ → 0. Notice that
this particular model will not drive acceleration. We employ it only to provide a concrete
example that realises a weaker gravity.
4.1 The evolution equation for the DM density contrast
Thanks to Eq. (4.2), which we cast as follows:
δφ = a
2Qρm
k2 +M2 +M2 δm , (4.10)
and thanks to the approximations made, we are now in the position to obtain a second-order
differential equation for δm, which we cast in the following form:
δ′′m + Fδ′m −
3
2Ωm(1 + Y )δm = 0 , (4.11)
with F being a friction term and Y the effective gravitational coupling. Within our approx-
imation scheme, the perturbed continuity equation (2.26) is simplified as follows:
δ′m = −
θm
H −Q
′δφ . (4.12)
Here we cannot neglect the last term since Q,φ is large, which is why Q′ might in principle
be large as well. This is a crucial consideration, that leads to our novel result. For example,
in the quadratic-exponential model of Eq. (4.6) we have:
|Q′|MP = |φ
′|MP
m2C
. (4.13)
This can be large without being in contradiction with the previous two conditions of Eq. (4.8)
because |φ′|/MP = O(1). In other words, for the quadratic exponential model we need φ to
be close to zero but not its derivative.
Therefore, keeping the term Q′δφ, using Eq, (4.10) and the Euler equation, we obtain:
δ′m = −
θm
H +
M2
k2 +M2 +M2Qφ
′δm , (4.14)
θ′m
H = −
θm
H −
3
2Ωmδm +Qφ
′ θm
H − 3M
2
PQ
2Ωm
k2
k2 +M2 +M2 δm , (4.15)
and combining them we arrive at the following result:
δ′′m +
(
1 + ξ −Qφ′ −Qφ′ M
2
k2 +M2 +M2
)
δ′m (4.16)
− 32Ωm
1 + 2M2PQ2k2 + (1+ξ−Qφ′)Qφ′+(Qφ′)′3Ωm/2 M2
k2 +M2 +M2 +
(
M2
k2 +M2 +M2
)′
Qφ′
3Ωm/2
 δm = 0 .
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Hence, we can read off:
F = 1 + ξ −Qφ′ −Qφ′ M
2
k2 +M2 +M2 , (4.17)
Y = 2M2PQ2
k2 + gM2
k2 +M2 +M2 +
(
M2
k2 +M2 +M2
)′ 2Qφ′
3Ωm
, (4.18)
where
g ≡ (1 + ξ −Qφ
′)Qφ′ + (Qφ′)′
3ΩmM2PQ2
. (4.19)
Note that, as anticipated, the friction term now gains a scale-dependence, due to the new
mass scaleM2.
We can rewrite the above Y as follows:
Y = 2M2PQ2
k4 + α2k2 + α0
(k2 +M2 +M2)2 = 2M
2
PQ
2k
4 + α2k2 + α0
k4 + β2k2 + β0
, (4.20)
with the following definitions:
α2 ≡ φ
′
3ΩmM2PQ
(M2)′ + M¯2 + gM2 , (4.21)
α0 ≡ φ
′
3ΩmM2PQ
[
(M2)′M2 − (M2)′M2
]
+M2M¯2g , (4.22)
β2 ≡ 2M¯2 , β0 ≡ M¯4 , (4.23)
where we have introduced the combined mass scale:
M¯2 ≡M2 +M2 . (4.24)
Note that in the slow-roll limit in which φ′ and φ′′ are small, one recovers the standard case
of Eq. (1.1),
Y = 2M2PQ2
k2
k2 +M2 . (4.25)
Furthermore, as we have mentioned above, the caseM = 0 corresponds to a constant Q so
that one recovers the standard case as well.
4.2 Weak gravity
The new Y in Eq. (4.20) seems to have a novel behaviour, characterised by a ratio of fourth-
order polynomial in k. On the other hand, we must recall that the function g contains a
term proportional to Q′. We are interested in a specific limit which is characterised by a
weakening of gravity. In order to obtain this limit, we assume φ′ ≈ MP and therefore Q′ to
be large and dominating all the other terms in g itself. In other words we assume that the
quantity
g ' Q
′φ′
3ΩmM2PQ2
, (4.26)
is large with respect to unity. Since
(M2)′ = 2ξM2 + Ω
′
m
Ωm
M2 + Q,φφφ
′
Q,φ
M2 , (4.27)
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unless some special cases are considered, we have in general that (M2)′ is of the same order
ofM2. Therefore, the coefficients of Eq. (4.20) can be simplified as follows:
α2 ' M2 + gM2 , (4.28)
α0 ' gM2M¯2 , (4.29)
where we have also assumed that (M2)′ is of the same order of M2. Putting them into Y ,
one gets:
Y ' 2M2PQ2
k4 + (M2 + gM2)k2 + gM2M¯2
(k2 + M¯2)2
. (4.30)
Since for φ′ ≈MP the contribution gM2k2 is much larger than k4 +M2k2, this simplifies to:
Y ' 2M2PQ2gM2
1
k2 + M¯2
= −2M2P(Q′)2
1
k2 + M¯2
. (4.31)
In the quadratic exponential case this corresponds to:
Y ' −2M2P
H2(φ′)2
m2C
1
k2 + M¯2
= −2M2PQ2
H2(φ′)2
φ2
1
k2 + M¯2
. (4.32)
In real space, the potential is
V (r) = −GNm
r
[
1− 2M
2
P(Q′)2
M¯2
(1− e−M¯r)
]
, (4.33)
which generates weaker gravity (perhaps even repulsive) on large scales.
Summarising, we find a new behaviour of the effective gravitational coupling Y , charac-
terised by a Yukawa-like contribution counteracting the Newtonian potential on large scales
when the conditions |Q,φ|M2P  1 and |Q′|MP  1 are met and the approximations made
in Sec. 3 are valid. In Appendix C we show by a numerical solution of the full set of back-
ground and perturbation equations that the QSA is valid and that the transient weaker
gravity phenomenon indeed occurs when the above conditions are fulfilled.
An interesting question is whether such novel behaviour could be found also in the
Jordan frame, where e.g. Horndeski theory is formulated. In Appendix B we present the
transformations between the two frames concerning the model under investigation and com-
ment on how the approximation made in the Einstein frame should be modified in the Jordan
one. We do not perform an explicit calculation in the Jordan frame, leaving it as a future
task.
5 Conclusions
In this paper we have studied a simple version of a scalar-tensor theory of gravity for which
dark matter is minimally coupled to a conformally transformed geometry. We have shown
that for a non-constant coupling function Q a new mass scale arises. If such conformal
coupling presents a minimum and the dynamics of the scalar field tend to that minimum,
then the growth of small dark matter fluctuations is characterised by an effective gravitational
coupling which is smaller than that in the standard case. At the same time, the friction
term in the fluctuation equation acquires a novel k-dependent term. We have identified the
conditions under which such a novel behaviour takes place and proposed a model for the
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conformal coupling function, a quadratic exponential function of the scalar field, which has
the potentiality to display it. In App. B we confirm numerically some of the features of
our model, leaving a more systematic investigation as a future project. It is also interesting
to check whether the novel behaviour shows itself in the Jordan frame. In Appendix C
we present the transformations between the two frames and suggest that the quasi-static
approximation that we have considered here must be properly translated into the Jordan
frame in order to have a similar behaviour for Y . We also leave as a future development a
deeper investigation of this point.
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A Including a disformal coupling
In this Appendix we consider also the disformal term. Keeping D 6= 0, let us see under which
conditions we can neglect the contributions B2Φ′, B3Φ and B4δφ′ with respect to a2DQρmδm
in Eq. (3.5). Moreover, let us investigate how we can simplify the B5δφ contribution under
the same conditions.
Based on our approximations of Sec. 3, we can see that:
B2Φ′, B3Φ, B4δφ′ ∼ H2DMP , (A.1)
because ∣∣∣∣C,φC
∣∣∣∣MP = ∣∣∣∣ C ′Cφ′
∣∣∣∣MP = O(1) , (A.2)
and similarly for the logarithmic derivative of D. So, because of Approximation 1 (k2  H2)
these terms are negligible with respect to the D(k2 +M2)δφ one.
Within B5 we have the following approximations:
a2C,φφ
2 ∼
C
M2P
, a2D,φV,φ, 3H2D,φφ′ ∼ H2D ,
H2Dφ′2
[
C,φφ
C
−
(
C,φ
C
)2
+ C,φD,φ
CD
− D,φφ2D
]
∼ H2D , a2C,φQ ∼ C
M2P
,
a2D,φρmQ,H2D,φφ′2Q ∼ H2D . (A.3)
All the terms similar to H2D can be neglected with respect to Dk2 and we are left just with:
B5 = a
2C,φφ
2 −D(k
2 +M2) + a2C,φQ , (A.4)
with the two terms containing C (which, by the way, are the only ones that survive if we
take D = 0, see Sec. 4) providing a new scale k2CD for which:
k2CD ≡
a2C,φφ
2D +
a2C,φQ
D
∼ C
DM2P
. (A.5)
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If kCD ∼ H then we can take B5 = −D(k2 + M2) because of our Approximation 1 and in
this case we obtain the standard coupling Y = 2M2PQ2k2/(k2 + M2). On the other hand,
if kCD  H, we can retain the conformal terms and combining Eq. (3.5) and Eq. (A.4) one
obtains: (
k2 +M2
)
δφ+ a
2ρm(a2C,φφ/2 + a2C,φQ)
A− a2ρmD δφ = a
2Qρmδm . (A.6)
We can thus introduce again a mass scale, similar to the one defined in Eq. (4.3), but now
containing the disformal contribution:
M2 ≡ a
2ρm(a2C,φφ/2 + a2C,φQ)
A− a2ρmD =
a2ρm(a2C,φφ/2 + a2C,φQ)
a2C −DH2φ′2 . (A.7)
However, since kCD  H, then the above denominators can be simplified as
a2C −DH2φ′2 ≈ a2C , (A.8)
because |C|  |D|M2PH2 and φ′2/M2P ∼ Ωφ ∼ O(1). Therefore, the mass scaleM2 has the
same expression as in Eq. (4.3), for the conformal case. Moreover, if |C|  |D|M2PH2, then
Q from Eq. (2.14) can be simplified as Q = −C,φ/(2C), i.e. the same as we have in the
purely conformal case.
Hence, we can conclude that a new mass scale M2 appears only when the disformal
contribution is subdominant with respect to the conformal one and C(φ) is not an exponential
function, entailing then a non-constant Q.
B Numerical analysis
The quasi-static approximation introduced earlier defines a regime in which, when the addi-
tional assumptions on weak gravity are met, the growth of matter perturbations is hindered
by the negative value of the effective gravitational potential Y in Eq. (4.31). Due to the
oscillations of the dynamical scalar field, we expect this behaviour to exist only as a tran-
sient phenomenon. To further investigate this point, we proceed with a numerical analysis
of the conformal coupling model, setting the conformal coupling function to be a quadratic
exponential of φ (as in Eq. (1.3)) and the scalar field potential to be quadratic in φ:
C(φ) = C0em
−2
c φ
2
, (B.1)
V (φ) = 12m
2
vφ
2 , (B.2)
with C0 set to unity. The model is then entirely specified in terms of the sole two parameters
mc and mv and the coupling function takes the form Q(φ) = −m−2c φ. All the variables and
parameters discussed in this section are taken to be dimensionless quantities. The conformal
Hubble function H is normalized to 1 at the present cosmological time. The comoving wave
number k is also defined to be dimensionless by dividing it by H0.
As a first step, we perform the numerical computation of the background evolution of
ρm(a) and φ(a) by solving the system of differential equations in Eqs. (2.17) and (2.18).
Boundary conditions are applied at both ends of the time interval, namely by fixing the
initial values φ(ain) = 2, φ′(ain) = 0 and the final (i.e. present-day) values Ωm(a0) = 0.31
and Ωφ(a0) = 0.69. The system is then solvable via a shooting method. The parameter mv
is left unspecified and its value is obtained automatically by the shooting method as a fitting
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Model m−2c mv
1 4 10.6778
2 3 27.5699
3 2.5 43.7896
4 2 58.7792
Table 1: Pairs of parameters mc and mv used in the present analysis.
parameter. The evolution encompasses the time-span ln (a) ∈ [−4, 0]. This setup allows to
have Q = O(1) throughout the cosmic history if we set m−2c = O(1) while φ(a) = O(1).
Table 1 contains the values of the parameters mc and mv used in the analysis. From the
Klein-Gordon equation for φ (Eq. (2.18)) we see that the oscillation frequency depends
on the sum of the two terms M2 = m2va2 and M2 = m−2c a2ρm. Hence, we expect higher
frequencies for higher values of mv. The second step consists in computing the evolution of
perturbations. We integrate the full system in Eqs. (2.25), (2.26), (2.27) and (2.28) with the
following choice of initial conditions for all the cases: δm(ain) = 1, δφ(ain) = 1, δφ′(ain) = 1,
θm(ain) = 1, where we set ain = e−2.5 and the initial value Φ(ain) is obtained from the
constraint Eq. (2.25). The quasi-static approximated system in Eqs. (4.14) and (4.15) is
solved analogously. We now focus on the comparison between the density contrast δm in the
exact solutions and in the quasi-static ones. Fig. (1) inspects the quality of the quasi-static
approximation: for a single value of the conformal-coupling parameter m−2c = 4 it shows
different matter-density contrasts for different values of k. The condition k/H > 1 is met for
each solution but, as one would expect, the overall convergence of the quasi-static solution to
the exact one is better for larger values of k. This is particularly evident at early times, since
H(a) is characterised by a monotonically decreasing behaviour. We can guarantee the early-
time matching between the two kinds of solutions only for k ≥ 100. Similar considerations
hold for the other values of the coupling parameter.
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Figure 1: Matter-density contrast in the m−2c = 4 case for k = 20, 50, 100, 1000. The
comparison is between the exact solutions (full lines, labelled as “exact”) and the quasi-static
approximated solutions (dashed lines, labelled as “QSA”). Every perturbation contrast δm(a)
has been normalised to its value at the present cosmological time. The second panel shows
the ratio |δm,exact(a)/δm,QSA(a)| for the chosen values of k.
It will then be important to focus on the interval ln (a) ∈ [−1.5, 0] and choose k ≥ 20
in order to test the novel behaviour of Y . In Fig. (2) we consider three different coupled
models for k = 20.
– 15 –
|δ 'm, QSA (a)/δm,QSA (a)|, mc -2=2
|δ 'm,exact(a)/δm,exact(a)|, mc -2=2
|δ 'm, QSA (a)/δm,QSA (a)|, mc -2=2.5
|δ 'm,exact(a)/δm,exact(a)|, mc -2=2.5
|δ 'm, QSA (a)/δm,QSA (a)|, mc -2=3
|δ 'm,exact(a)/δm,exact(a)|, mc -2=3
0.5
1.0
1.5
2.0
|δ
' m
(a
)/
δ m
(a
)|
Y(a)QSA , mc
-2=3
Y(a)WG, mc
-2=3
-1.0
0.0
1.0
2.0
3.0
4.0
Y
(a
)
Y(a)QSA , mc
-2=2.5
Y(a)WG, mc
-2=2.5
-0.5
0.0
0.5
1.0
1.5
Y
(a
)
Y(a)QSA , mc
-2=2
Y(a)WG, mc
-2=2
-1.4 -1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0
-0.2
0.0
0.2
0.4
0.6
ln(a)
Y
(a
)
Figure 2: The first panel shows the behaviour of the absolute value of the ratio δ′m(a)/δm(a)
of the matter density contrast δm(a). The comparison is carried out for m−2c = 2, 2.5, 3
at fixed k = 20 in the interval ln (a) ∈ [−1.5, 0]. Here “QSA” indicates the quasi-static
approximation (dashed lines) while the full lines are the exact numerical solutions. The
second, third and fourth panel refer individually to the cases m−2c = 2, 2.5, 3 and show
simultaneously the behaviour of Y in the quasi-static approximation and in the weak-gravity
regime.
From the first panel we can observe two features of the perturbation growth: a local
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onset of the weak-gravity regime and a long-term suppression of the perturbation growth.
The oscillations of the coupling function are in phase with the scalar field oscillations due to
the pure conformal coupling Q(a) = −m−2c φ(a). These are clearly observable when inspecting
the ratio |δ′m(a)/δm(a)|. In particular, when φ approaches the minimum of the potential V ,
its first derivative becomes much larger than the value of the scalar field, thus triggering a
weak-gravity phase. This phenomenon appears as a series of shorter and shorter intervals
during which the growth of perturbations is suppressed as predicted in Eq. (4.31). In the
long term, we notice that for the cases m−2c = 2, 2.5 the overall growth is hindered by the
periods of weak-gravity. The advent of the weak-gravity regime can also be inferred from
the third panel of Fig. (2): when the overall factor Q2 in the expression for Y reaches its
minima (corresponding to the minima of φ), the weak-gravity conditions are fulfilled and
the approximated expression of Y in Eq. (4.31) matches the quasi-static expression in Eq.
(4.20).
C Transformation to the Jordan frame
We discuss here the transformation rules between Einstein and Jordan frame, and whether
the newly found behaviour in the gravitational coupling could be obtained. Let us consider
the pure conformal case only. We use notation and approach as in Ref. [30]. The quantities
with tilde are in the Jordan frame :
Tµν = C3Tµν , ds˜2 = Ca2(τ)(−dτ2 + δijdxidxj) = Cds . (C.1)
Therefore,
u˜µ = 1√
C
uµ , H˜ = 1√
C
[
H + Cφ2C
φ˙
a
]
, ρ˜ = ρ
C2
, P˜ = P
C2
, w˜ = w . (C.2)
In particular, for the Hubble factor we have that, considering that a˜ = a
√
C:
H˜
a˜
= 1
a
√
C
[
H+ Cφ2Cφ
′H
]
, −→ H˜ = H [1−Qφ′] . (C.3)
Therefore, the condition k2  H2 in the Einstein frame corresponds to
k˜2  H2 = 1(1−Qφ′)2 H˜
2 , (C.4)
and moreover
H˜′ = H′ [1−Qφ′]−H(Qφ′)′ . (C.5)
Here we see an important difference between the two frames. In the Einstein frame, the term
|Q′|MP has to be very large in order to make the new mass scaleM2 not negligible. But then
this means that H˜′ in the Jordan frame has to be very large as well, which is an uncommon
requirement for the quasi-static approximation.
This simple argument suggests that the novel scale-dependence that we found here
in the Einstein frame can be obtained in the Jordan one only at the price of some extra
requirements which might not seem natural.
– 17 –
References
[1] Ivaylo Zlatev, Li-Min Wang, and Paul J. Steinhardt. Quintessence, cosmic coincidence, and the
cosmological constant. Phys. Rev. Lett., 82:896–899, 1999. arXiv:astro-ph/9807002,
doi:10.1103/PhysRevLett.82.896.
[2] H. E. S. Velten, R. F. vom Marttens, and W. Zimdahl. Aspects of the cosmological
“coincidence problem”. Eur. Phys. J., C74(11):3160, 2014. arXiv:1410.2509,
doi:10.1140/epjc/s10052-014-3160-4.
[3] Steven Weinberg. Anthropic Bound on the Cosmological Constant. Phys. Rev. Lett., 59:2607,
1987. doi:10.1103/PhysRevLett.59.2607.
[4] Steven Weinberg. The Cosmological Constant Problem. Rev. Mod. Phys., 61:1–23, 1989.
[,569(1988)]. doi:10.1103/RevModPhys.61.1.
[5] P. A. R. Ade et al. Planck 2015 results. XIII. Cosmological parameters. Astron. Astrophys.,
594:A13, 2016. arXiv:1502.01589, doi:10.1051/0004-6361/201525830.
[6] Adam G. Riess, Stefano Casertano, Wenlong Yuan, Lucas Macri, Jay Anderson, John W.
MacKenty, J. Bradley Bowers, Kelsey I. Clubb, Alexei V. Filippenko, David O. Jones, and
et al. New parallaxes of galactic cepheids from spatially scanning thehubble space telescope:
Implications for the hubble constant. The Astrophysical Journal, 855(2):136, Mar 2018. URL:
http://dx.doi.org/10.3847/1538-4357/aaadb7, doi:10.3847/1538-4357/aaadb7.
[7] Catherine Heymans, Ludovic Van Waerbeke, Lance Miller, Thomas Erben, Hendrik
Hildebrandt, Henk Hoekstra, Thomas D. Kitching, Yannick Mellier, Patrick Simon,
Christopher Bonnett, and et al. Cfhtlens: the canada–france–hawaii telescope lensing survey.
Monthly Notices of the Royal Astronomical Society, 427(1):146–166, Oct 2012. URL:
http://dx.doi.org/10.1111/j.1365-2966.2012.21952.x,
doi:10.1111/j.1365-2966.2012.21952.x.
[8] H. Hildebrandt, M. Viola, C. Heymans, S. Joudaki, K. Kuijken, C. Blake, T. Erben,
B. Joachimi, D. Klaes, L. Miller, and et al. Kids-450: cosmological parameter constraints from
tomographic weak gravitational lensing. Monthly Notices of the Royal Astronomical Society,
465(2):1454–1498, Nov 2016. URL: http://dx.doi.org/10.1093/mnras/stw2805,
doi:10.1093/mnras/stw2805.
[9] Gregory Walter Horndeski. Second-order scalar-tensor field equations in a four-dimensional
space. Int. J. Theor. Phys., 10:363–384, 1974. doi:10.1007/BF01807638.
[10] Emilio Bellini and Ignacy Sawicki. Maximal freedom at minimum cost: linear large-scale
structure in general modifications of gravity. JCAP, 1407:050, 2014. arXiv:1404.3713,
doi:10.1088/1475-7516/2014/07/050.
[11] Jérôme Gleyzes, David Langlois, Federico Piazza, and Filippo Vernizzi. Healthy theories
beyond Horndeski. Phys. Rev. Lett., 114(21):211101, 2015. arXiv:1404.6495,
doi:10.1103/PhysRevLett.114.211101.
[12] David Langlois and Karim Noui. Degenerate higher derivative theories beyond Horndeski:
evading the Ostrogradski instability. JCAP, 1602(02):034, 2016. arXiv:1510.06930,
doi:10.1088/1475-7516/2016/02/034.
[13] M. Ostrogradsky. Mémoires sur les équations différentielles, relatives au problème des
isopérimètres. Mem. Acad. St. Petersbourg, 6(4):385–517, 1850.
[14] Richard P. Woodard. Avoiding dark energy with 1/r modifications of gravity. Lect. Notes
Phys., 720:403–433, 2007. arXiv:astro-ph/0601672, doi:10.1007/978-3-540-71013-4_14.
[15] Mark Trodden. Theoretical Aspects of Cosmic Acceleration. PoS, DSU2015:005, 2016.
arXiv:1604.08899, doi:10.22323/1.268.0005.
– 18 –
[16] David Langlois. Dark energy and modified gravity in degenerate higher-order scalar–tensor
(DHOST) theories: A review. Int. J. Mod. Phys., D28(05):1942006, 2019. arXiv:1811.06271,
doi:10.1142/S0218271819420069.
[17] Luca Amendola, Javier Rubio, and Christof Wetterich. Primordial black holes from fifth forces.
Phys. Rev., D97(8):081302, 2018. arXiv:1711.09915, doi:10.1103/PhysRevD.97.081302.
[18] Justin Khoury and Amanda Weltman. Chameleon cosmology. Phys. Rev., D69:044026, 2004.
arXiv:astro-ph/0309411, doi:10.1103/PhysRevD.69.044026.
[19] Miguel Zumalacárregui, Emilio Bellini, Ignacy Sawicki, Julien Lesgourgues, and Pedro G.
Ferreira. hi_class: Horndeski in the Cosmic Linear Anisotropy Solving System. JCAP,
1708(08):019, 2017. arXiv:1605.06102, doi:10.1088/1475-7516/2017/08/019.
[20] Bin Hu, Marco Raveri, Noemi Frusciante, and Alessandra Silvestri. Effective Field Theory of
Cosmic Acceleration: an implementation in CAMB. Phys. Rev., D89(10):103530, 2014.
arXiv:1312.5742, doi:10.1103/PhysRevD.89.103530.
[21] Antonio de Felice, Tsutomu Kobayashi, and Shinji Tsujikawa. Effective gravitational couplings
for cosmological perturbations in the most general scalar-tensor theories with second-order field
equations. Physics Letters B, 706(2):123–133, Dec 2011. arXiv:1108.4242,
doi:10.1016/j.physletb.2011.11.028.
[22] Luca Amendola, Dario Bettoni, Ana Marta Pinho, and Santiago Casas. Measuring gravity at
cosmological scales. Universe, 6(2):20, 2020. arXiv:1902.06978,
doi:10.3390/universe6020020.
[23] Louis Perenon, Christian Marinoni, and Federico Piazza. Diagnostic of Horndeski Theories.
JCAP, 1701(01):035, 2017. arXiv:1609.09197, doi:10.1088/1475-7516/2017/01/035.
[24] Luca Amendola, Martin Kunz, Ippocratis D. Saltas, and Ignacy Sawicki. Fate of Large-Scale
Structure in Modified Gravity After GW170817 and GRB170817A. Phys. Rev. Lett.,
120(13):131101, 2018. arXiv:1711.04825, doi:10.1103/PhysRevLett.120.131101.
[25] Luca Amendola. Phantom energy mediates a long-range repulsive force. Phys. Rev. Lett.,
93:181102, 2004. arXiv:hep-th/0409224, doi:10.1103/PhysRevLett.93.181102.
[26] Niall MacCrann, Joe Zuntz, Sarah Bridle, Bhuvnesh Jain, and Matthew R. Becker. Cosmic
Discordance: Are Planck CMB and CFHTLenS weak lensing measurements out of tune? Mon.
Not. Roy. Astron. Soc., 451(3):2877–2888, 2015. arXiv:1408.4742,
doi:10.1093/mnras/stv1154.
[27] P. A. R. Ade et al. Planck 2015 results. XXIV. Cosmology from Sunyaev-Zeldovich cluster
counts. Astron. Astrophys., 594:A24, 2016. arXiv:1502.01597,
doi:10.1051/0004-6361/201525833.
[28] Shahab Joudaki et al. CFHTLenS revisited: assessing concordance with Planck including
astrophysical systematics. Mon. Not. Roy. Astron. Soc., 465(2):2033–2052, 2017.
arXiv:1601.05786, doi:10.1093/mnras/stw2665.
[29] T. M. C. Abbott et al. Dark Energy Survey year 1 results: Cosmological constraints from
galaxy clustering and weak lensing. Phys. Rev., D98(4):043526, 2018. arXiv:1708.01530,
doi:10.1103/PhysRevD.98.043526.
[30] C. van de Bruck and J. Morrice. Disformal couplings and the dark sector of the universe.
JCAP, 1504:036, 2015. arXiv:1501.03073, doi:10.1088/1475-7516/2015/04/036.
[31] B. P. Abbott et al. Gravitational Waves and Gamma-rays from a Binary Neutron Star Merger:
GW170817 and GRB 170817A. Astrophys. J., 848(2):L13, 2017. arXiv:1710.05834,
doi:10.3847/2041-8213/aa920c.
– 19 –
[32] Jurgen Mifsud and Carsten Van De Bruck. Probing the imprints of generalized interacting
dark energy on the growth of perturbations. JCAP, 1711(11):001, 2017. arXiv:1707.07667,
doi:10.1088/1475-7516/2017/11/001.
[33] Miguel Zumalacarregui, Tomi S. Koivisto, and David F. Mota. DBI Galileons in the Einstein
Frame: Local Gravity and Cosmology. Phys. Rev., D87:083010, 2013. arXiv:1210.8016,
doi:10.1103/PhysRevD.87.083010.
[34] C. Wetterich. Cosmologies With Variable Newton’s ’Constant’. Nucl. Phys., B302:645–667,
1988. doi:10.1016/0550-3213(88)90192-7.
[35] C. Wetterich. Cosmology and the Fate of Dilatation Symmetry. Nucl. Phys., B302:668–696,
1988. arXiv:1711.03844, doi:10.1016/0550-3213(88)90193-9.
[36] Christof Wetterich. The Cosmon model for an asymptotically vanishing time dependent
cosmological ’constant’. Astron. Astrophys., 301:321–328, 1995. arXiv:hep-th/9408025.
[37] Luca Amendola. Coupled quintessence. Phys. Rev., D62:043511, 2000.
arXiv:astro-ph/9908023, doi:10.1103/PhysRevD.62.043511.
– 20 –
